In this work we present for the first time an exact solution of Maxwell equations in vacuum, having non trivial topology, in which there is an exchange of helicity between the electric and magnetic part of such field. We calculate the temporal evolution of the magnetic and electric helicities, and explain the exchange of helicity making use of the Chern-Simon form. We also have found and explained that, as time goes to infinity, both helicities reach the same value and the exchange between the magnetic and electric part of the field stops.
Topologically nontrivial solutions of Maxwell equations in vacuum have been recently
worth of some interest [1] . The possibility of the experimental observation of some particular solutions with certain degree of linkage in the field lines, called Rañada electromagnetic knots [2] [3] [4] [5] [6] have been reported [7] . Such investigations are also relevant from the fundamental point of view. Topologically nontrivial solutions may open a new path to explore the stability of electromagnetic fields, and the chance that a classical field theory might serve as a model for stable elementary particles, and idea investigated more than a century ago by Kelvin [8] and later by Wheeler using the concept of geon [9] . In this work we present for the first time an exact solution of Maxwell equations in vacuum, having non trivial topology, in which there is an exchange of helicity between the electric and magnetic parts of such field. The magnetic helicity [10, 11] can be defined as the average of the Gauss linking integral over all pairs of magnetic lines plus the self-linking number over all magnetic lines, so that it is a mean value of the linkage of the magnetic lines. Similarly, for electromagnetic fields in vacuum the electric helicity can also be defined, that is a mean value of the linkage of the electric lines. We have calculated the temporal evolution of the magnetic and electric helicities, and explained the exchange of helicity making use of the Chern-Simon form. We have found and proved that as time goes to infinity, both helicities reach the same value and the exchange between the magnetic and electric part of the field stops. We also have given some explicit cases in which there is linkage of field lines but the helicity is zero, suggesting that the relation between helicity and field line topology needs to be further investigated.
We begin with the computation, at time t = 0, of a magnetic field in which any pair of magnetic lines is linked, with a linking number equal to 1, and an electric field, at t = 0, in which there is no linkage. In order to find these fields we use the method described in [12] to find electromagnetic knots (although the electromagnetic field that we will use in the present work is not a Rañada electromagnetic knot). Let φ(r), θ(r), two complex scalar fields such that can be considered as maps φ, θ : S 3 → S 2 after identifying the physical space R 3 with S 3 and the complex plane with S 2 . Doing so, it is assumed that both scalars have only one value at infinity. We will impose that at t = 0 the level curves of the scalar fields (φ, θ), coincide with the magnetic and electric lines respectively, each one of these lines being labelled by the constant value of the corresponding scalar. Given φ and θ with these conditions, we can construct the magnetic and electric fields at t = 0 as
whereφ andθ are the complex conjugates of φ and θ respectively, i is the imaginary unit, a is a constant introduced so that the magnetic and electric fields have correct dimensions, and c is the velocity of light in vacuum. In the SI of units, a can be expressed as a pure number times the Planck constanth times the light velocity c times the vacuum permeability µ 0 .
The construction given in equations (1) assures that all pairs of lines of the field B(r, 0)
are linked, and that the linking number is the same for all the pairs and it is given by the Hopf index [13] of the map φ. Similarly, all pairs of lines of the field E(r, 0) are linked, the linking number of all pairs of lines is the same and it is given by the Hopf index of the map θ. This means that, at t = 0, the linkage of the magnetic and the electric lines is set, the initial magnetic helicity is proportional to the Hopf index of φ and the initial electric helicity is proportional to the Hopf index of θ. It is convenient to work with dimensionless coordinates in the mathematical spacetime S 3 × R, and in S 2 . In order to do that, we define the dimensionless coordinates (X, Y, Z, T ), related to the physical ones (x, y, z, t)
(in the SI of units that we will use in this work) by (X, Y, Z, T ) = (x, y, z, ct)/L 0 , and
where L 0 is a constant with dimensions of length. Now, we will choose for the scalar fields the Hopf map and the zero map,
In Fig. 1 we can see that the lines at t = 0 of the magnetic field constructed in this way are linked to each other, the linking number being 1 in all the cases. Obviously, since θ = 0, the initial electric field is zero at every point.
To find the electromagnetic field at any time from the Cauchy data (1), with φ and θ given by expressions (2), we use Fourier analysis. The fields turn out to be, where the quantities A, P , Q are defined by
2 ), and the vectors H 1 and H 2 are
The magnetic and electric helicities of an electromagnetic field in vacuum, in the SI of units, can be defined as
where ε 0 is the vacuum permittivity, and A and C are the potential vectors given by the conditions that
Since the Hopf index of the map φ is 1, and the Hopf index of the map θ is 0, at t = 0 the magnetic and electric helicities of the knotted electromagnetic field given by equations (3) are
An important quantity related to helicities in any electromagnetic field in vacuum is the electromagnetic helicity h = h m + h e , that is the sum of the magnetic and electric helicities of the field and is a constant in the evolution of the electromagnetic field. In the case of the knotted electromagnetic field used in this work, h = a/(2µ 0 ). Since h is constant in the evolution of the field, we may expect that the electromagnetic field we have obtained will retain certain linkage and remain topologically nontrivial during its time evolution.
In Fig. 2 To investigate the interchange of helicity between the electric and magnetic fields we use the concept of helicity density 4-current or Chern-Simons form (see [14] for a nice explanation). The magnetic helicity density is the zeroth component of the Chern-Simons
4-current
Here, µ, ν = 0, 1, 2, 3 and i, j, = 1, 2, 3, and A µ = (V /c, A) is the 4-vector potential of the electromagnetic field (remember that we use SI units in this work), so that the electromagnetic tensor is F µν = ∂ µ A ν − ∂ ν A µ . From this tensor one finds the components of the electric field as E i = c F i0 , and the magnetic field as B i = −ǫ ijk F jk /2 as usual. Moreover,
is dual to the electromagnetic field F µν , with components B i = G 0i , E i = −c ǫ ijk G jk /2. As long as we are studying fields in vacuum, we can define another 4-vector potential
, and we can take the electric helicity density to be the zeroth component of the 4-current (see [12] ),
The divergence of H µ m and H µ e gives the conservation law for both helicities. It turns out that
From this equation, by integrating in R 3 , the time derivatives of the magnetic and electric helicities are obtained as
Note that equations (8) - (12) are general results for electromagnetic fields in vacuum.
From these equations one can extract some consequences. First, let us consider the case in which the spatial integral of the Lorentz invariant quantity E · B for a given electromagnetic field in vacuum is zero. In this case both the magnetic and the electric helicities are constant during the evolution of the field. Since these quantities are related to the Gauss linking integral and the self-linking number of the magnetic and the electric lines, respectively, if they are not zero then one can expect that there will be a certain degree of linkage in the lines and this linkage will not disappear in time. Nice particular examples of this case are Rañada electromagnetic knots [1] [2] [3] [4] [5] [6] [7] 12] in which, by construction, always satisfy that the electric and magnetic fields are mutually orthogonal. Moreover, in the case of Rañada electromagnetic knots the magnetic helicity is equal to a topological invariant, the Hopf index of a map between the compactified space R 3 and the compactified complex plane, and the electric helicity is equal to the Hopf index of another map between the compactified space R 3 and the compactified complex plane. Since these helicities are conserved during time evolution of the electromagnetic field, it is concluded that the topology of the field lines (magnetic and electric) is conserved and characterized by the value of the helicities. Because in this case, the Hopf index n is related to the Gauss linking number ℓ by n = ℓµ 2 , being µ is the multiplicity of the level curves (i.e. the number of different magnetic or electric lines that have the same label φ or θ), all the field lines remains linked during the time evolution (a picture of this case would be the situation shown in Fig. 1 , with the linkage maintained in time).
However, if E · B = 0 as in the case of the knotted electromagnetic field presented in this work, then the time derivatives of the magnetic and electric helicities are not zero but from equation (12) one can see that they satisfy dh m /dt = −dh e /dt, so that there is an interchange of helicities between the magnetic and electric parts of the field. In the case of the knotted electromagnetic field presented here, it is only at t = 0 that the magnetic helicity is related to the Hopf index of the map φ between the compactified R 3 and the compactified complex plane. We also recall that the electric helicity at t = 0 is zero. This is why the relation between topology of lines and helicities is not so clear in this case. We have computed explicitly, using equation (12), how both helicities behave for any value of time while the electromagnetic field varies. The result can be seen in Fig. 3 . One can see in this figure that helicities are transferred between the magnetic and the electric parts of the field. How this interchange is related to a change in the topology of the field lines is not clear since, for t > 0, it is not possible to relate magnetic and/or electric helicity to a topological invariant as the Hopf index of any map. However, it seems from numerical computations (see Figs. 1 and 2 ), that the topology of both the magnetic and electric field lines is similar for t > 0, and that a nonzero initial helicity results in a nontrivial topology of the field lines for any time. Independently of the value of the Lorentz invariant quantity E · B, the electromagnetic helicity h, whose density 4-current is given by
is a conserved quantity for any electromagnetic field in vacuum (and it is the quantity related to the photon content of the field as we discuss below). In Fig. 3 we have plotted the value of the electromagnetic helicity h = h m + h e and we can see that it is constant indeed.
This conservation also affects to the value of magnetic and electric helicities for large values of time. Magnetic and electric helicities can be written, respectively, as h m = (h +h)/2, h e = (h −h)/2, where h is the electromagnetic helicity andh is the difference between the magnetic and the electric helicities. If the vector potentials A and C and the fields B and
then, when t is large, both helicities coincide, i. e. lim t→∞ h m (t) = lim t→∞ h e (t). This result suggests that only in the case that initial helicities are different and (14) is fulfilled, they are going to exchange to one another in order to relax to a common value. This is the case that we have presented here.
The exchange of helicities between the magnetic and electric parts of a knotted electromagnetic field in vacuum reported in this work leave one question to be answered: How can we characterize the topology of the field lines? The answer may have some important physical consequences since there is a relation between the electromagnetic helicity and the classical expression for the difference of right-and left-handed photons of the electromagnetic field [5] . According to this relation, and taking into account the results of Ref. [10] , adding a right or left photon would imply to add or remove crossings of the field lines. In order to investigate such questions, the explicit solutions of Maxwell equations given by the expressions (3) may play a central role. These solutions allow helicity exchange between the magnetic and electric parts of an electromagnetic field in vacuum but, at the same time, the topology of lines remains being not trivial during the evolution of the field.
